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We apply the theory of Takahashi and Tachiki in order to explain theoretically the dependence of the upper
critical magnetic field of a S/N multilayer on the temperature. This problem has been already investigated in
the literature, but with a use of an unphysical scaling parameter for the coherence length. We show explicitly
that, in order to describe the data, such an unphysical parameter is unnecessary if one takes into account the
boundary resisitivity of the S/N interface. We obtain a very good agreement with the experiments for the
multilayer systems Nb/Cu and V/Ag, with various layer thicknesses.
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In trying to describe the experimental data for different
kinds of multilayers, such as Nb/Cu or V/Ag, Koperdraad
calculated upper critical magnetic fields versus temperature,
using Takahashi-Tachiki theory for infinite multilayers.1 He
used as fitting parameters the bulk critical temperature of the
S layer, Tc
S ; the ratio between the densities of states of the
two materials, NS /NN ; and the two corresponding diffusion
constants DS and DN .
In calculating the magnetic field anisotropy, which is the
ratio between the parallel and perpendicular upper critical
magnetic fields Hc2,i /Hc2,’ , two choices were possible for
the diffusion constants, which led to two solutions, called the
first and second solutions.2–7 For the first solution, the fitted
parameters are close to what one knows from the measure-
ments. However, the dimensional crossover, typical for S/N
multilayers, appeared to lie at a much higher temperature
than the measured one. In the second solution the upper par-
allel critical magnetic field exhibits a dimensional crossover
at a lower temperature than the experimental one. A charac-
teristic of this type of solution is that the superconductivity
nucleation point for the parallel magnetic field shifts from
the S layer at low temperatures to the N layer at higher
temperatures, which seems unphysical for a S/N multilayer
whose Tc
N50. Another unphysical aspect is that the fitted
critical temperature for the S layer is larger than the one
known for the bulk ~8.9 K!. Moreover, instead of an expected
concave two-dimensional ~2D! aspect of the curve at lower
temperatures, the calculations lead to a convex type of curve.
In order to fit the experimentally observed dimensional
crossover with the theoretical one, Koperdraad and co-
workers introduced a scaling parameter a for the magnetic
coherence length. However, the physical interpretation for
this free parameter remains an open question.
Looking for a physical factor which can replace the role
of the unphysical scaling parameter in fitting the data, Aarts8
suggested to consider finite samples rather than the infinite
ones on which Koperdraad and co-workers did their calcula-
tions. In finite samples one has to face surface effects. Model
calculations done on finite samples9 show that the surface
nucleation of the superconductivity is more pronounced for
multilayers with thinner layers, but it almost disappears as0163-1829/2001/64~22!/224526~4!/$20.00 64 2245one increases the thickness of the layers. Since the fitting
problem mentioned above showed up particularly for thick-
layer systems, taking into account surface superconductivity
does not bring any essential improvement to the already
existing results.
In the present paper we consider the influence of a S/N
interface resistivity, in order to get rid of the unphysical pa-
rameter a . This is in line with experimental evidence that the
interfaces of artificial multilayers for metals with a different
crystal structure such as Nb/Cu are quite rough.10 Indeed, we
find that a finite boundary resistivity (RB) allows for a good
fit with the experimental data.
The paper is organized as follows. In Sec. II we summa-
rize the theory of Takahashi and Tachiki, and we introduce
the boundary resistivity by adjusting the boundary condi-
tions. We also illustrate the role of the boundary resistivity
on the proximity effect. Section III is dedicated to the
numerical results and conclusion.
II. THEORY INCLUDING BOUNDARY RESISTIVITY
First we summarize the Takahashi-Tachiki theory for S/N
multilayers. The theory starts from the Gor’kov equation11
for the pair potential D(r), with a space-dependent coupling
constant V(r),
D~r!5V~r!kT(
v
E d3r8Qv~r,r8!D~r8!, ~1!
in which the summation runs over the Matsubara frequen-
cies. By averaging over the impurity configurations and con-
sidering the dirty limit, it was shown that the integration
kernel Qv obeys a Green’s-function-like equation
@2uvu1L~ !#Qv~r,r8!52pN~r!d~r2r8!, ~2!
where
L~ !52\D~r!S2 2ie\c A~r! D
2
. ~3!
This result appears to be equivalent to a different approach
going back to Usadel.7,12 The material parameters V(r),
N(r), and D(r) are the BCS coupling constant, the elec-
tronic density of states at the Fermi energy, and the diffusion©2001 The American Physical Society26-1
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constant in each single layer. At the interfaces de Gennes
boundary conditions are imposed,13 which require the conti-
nuity of F(r)/N(r) and D(r)@2(2ie/\c)A(r)#F(r),
where the pair amplitude F(r) is related to the gap function
D(r) through
D~r!5V~r!F~r!. ~4!
Takahashi and Tachiki provide a way of solving Eqs. ~1!
and ~2! by developing the kernel Qv(r,r8) and the pair func-
tion F(r) in terms of a complete set of eigenfunctions of the
differential operator L(). These eigenfunctions are labeled
by the parameter l , and the eigenvalues are el . They are a
solution of the eigenvalue problem
L~ !Cl5elCl , ~5!
subject to de Gennes boundary conditions. The requirement
of the existence of a solution for Eq. ~1! leads to the equation
detUdll822pkT(
v
1
2uvu1el
Vll8U50. ~6!
For finite multilayers in vacuum, the de Gennes boundary
conditions ensure that there is no current flow through the
interface between the multilayer and the vacuum. These
boundary conditions read D(r)@2(2ie/\c)A(r)#uzF(r)
50 for the pair amplitude, at the interface with the vacuum.
As usual for these type of layered systems, the growth direc-
tion coincides with the z direction. When applied to the
eigenfunctions Cl , they become ]Cl(x ,y ,z)/]z50, where
we made use of the gauge A(r)5(Hz ,0,0) when the mag-
netic field is applied parallel to the layers and A(r)
5(0,Hx ,0) for the perpendicular magnetic field. In the ab-
sence of a magnetic field, the solution of Eq. ~6! giving the
largest value for the critical temperature is the physical one.
In the presence of a field, solving this equation allows us to
derive the Hc2(T) curves. The temperature at which Hc2
→0 is Tc .
A further step in applying the theory of Takahashi and
Tachiki is to consider the effect of the S/N interface resistiv-
ity. In our calculations, we make use of more general bound-
ary conditions rather than the de Gennes ones. Such bound-
ary conditions were investigated by Kupriyanov and
Lukichev14 and according to Golubov and Kupriyanov15 and
Khushainov16 they can be written as
D~r!
]
]z
F~r!U
r5r1
5D~r!
]
]z
F~r!U
r5r2
5
1
e2RB
S F~r1!N~r1! 2F~r2!N~r2!D . ~7!
The boundary resistivity RB is a parameter which character-
izes the barrier which electrons encounter at the interface. A
source of this resistance comes from the mismatch of the
Fermi ~or electronic! levels, lattice structure, and lattice con-
stant of the two composite metals. As a consequence, RB22452reduces the migration of the Cooper pairs from the S layer to
the N layer, by that diminishing the proximity effect.
As we will illustrate in the following, RB modifies the
critical temperature Tc of the multilayer and the magnetic
field anisotropy, defined as Hc2,i /Hc2,’ . By consequence,
including RB as a parameter, the two solutions used by Ko-
perdraad and co-workers have to be reconsidered. It will turn
out that in using the boundary resistivity as a free parameter,
only one solution will be possible for the fitting, instead of
two solutions. This solution fits the experimental data, with-
out using any other free parameter, such as the scaling pa-
rameter a .
Let us first consider the situation in which there is no
magnetic field applied to the system. As mentioned already, a
finite boundary resistivity reduces the proximity effect. This
leads to a higher multilayer critical temperature than in the
case of perfect transparency of the interfaces. As a conse-
quence, the bulk critical temperature Tc
S used to fit the
multilayer critical temperature will be smaller than the one
used by Koperdraad and co-workers. This leads us in a good
direction, since the previously used Tc
S was higher than the
measured value.
As an illustration of the influence of RB on the proximity
effect, we calculate the dependence of the critical tempera-
ture of a multilayer on the thickness of the layers for differ-
ent choices for the boundary resistivity. The results for an
11-layers Nb/Cu system are shown in Fig. 1. First, one no-
tices that as the layer thickness decreases, the multilayer
critical temperature converges smoothly towards 0, whereas
in the thick layer limit, it converges to the bulk critical tem-
perature Tc
S
. Further, the curves show that below a certain
thickness of the layers, dcr , the superconductivity disap-
pears. Moreover, this critical thickness dcr decreases with the
increasing of the boundary resistivity, illustrating the fact
that due to RB , the density of Cooper pairs is more localized
in the S layers of the multilayer, so that the system becomes
a better superconductor.
We consider now the presence of a magnetic field. When
a magnetic field is applied to the system perpendicularly to
the interfaces, due to the in-plane motion of the Cooper
pairs, the influence of the boundary resistivity is weak. How-
FIG. 1. The critical temperature Tc for an 11-layers Nb/Cu sys-
tem, as a function of the layer thickness for different values of the
boundary resistivity RB , measured in mV cm.6-2
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picture looks different. In this situation, the Cooper pairs
move such that they cross the interface, which means that
they experience the influence of the boundary resistivity
much more strongly. In the presence of a boundary resistiv-
ity, the diffusion of the Cooper pairs from the S layers into
the N layers is diminished. The proximity effect is weaker,
leading to a higher critical temperature for the same magni-
tude of the magnetic field. Thus we can conclude that the
boundary resistivity increases the anisotropy ratio
Hc2,i /Hc2,’ .
In addition it appears that the dimensional crossover tem-
perature is shifted towards higher temperatures. This means
that the first solution is not favorable, whereas the second
solution has chances to be ameliorated.
In the following section we will take as a starting point
the second solution and we will present the corrections
which are performed in view of a fitting with the experimen-
tal data.
III. RESULTS AND CONCLUSIONS
Considering the second solution, its inconveniences con-
sist in the fact that at low temperature the Hc2,i(Tc) curve is
convex, instead of the well-known concave square-root be-
havior for the 2D systems. Besides, at high temperatures the
nucleation of the superconductivity lies in the N layer, which
is unphysical for such S/N systems. Moreover, a too large
ratio NNDN /NSDS is used in fitting, in order to obtain the
corresponding anisotropy.
All these shortcomings are remedied by considering a fi-
nite boundary resistivity. In Fig. 2 we show results for a
FIG. 2. The upper parallel and perpendicular magnetic fields for
the multilayer Nb(171 Å)/Cu(376 Å). The dots denote the experi-
mental points ~Ref. 18!.22452Nb(171 Å)/Cu(376 Å) multilayer. The solid curves are ob-
tained by accounting for a finite RB . The dashed curves are
the results of Koperdraad and co-workers, which could be
improved by using a scaling parameter, still lacking a physi-
cal interpretation. The perpendicular field curves are not very
sensitive to the change of the parameters. We fitted the points
Hc2(Tc2)50, Hc2,i(TDCO), and Hc2,’(T*) on the measured
critical field curves, rather than the points Hc2(Tc2)50,
Hc2,i(T*), and Hc2,’(T*), used by Koperdraad and co-
workers. Here TDCO is the temperature where the dimen-
sional crossover occurs on the parallel magnetic field curve,
and T* corresponds to the experimental point at the lowest
temperature. In Table I, we show the data used in our fitting
(TcS , DS , DN , and RB!, compared to the data used by Ko-
perdraad and co-workers (TcS ,K , DSK , and DNK). For example,
in fitting the Nb(171 Å)/Cu(376 Å) system, we used DS
52.4 cm2/s, DN578 cm2/s, and RB53.17 mV cm, instead
of DS50.65 cm2/s and DN5138 cm2/s, used by Koperdraad
and co-workers. The latter set is rather unrealistic, while the
first set compares nicely with the diffusion constants used by
Biagi et al.17 The resistivity has the same order of magnitude
as the resistivity of Nb at 77 K, which is rNb53 mV cm,
and it is an order of magnitude larger than the Cu value of
0.2 mV cm. Since the interface can be considered as a dirty
mixture, the value of RB looks reasonable. The use of a
smaller and more realistic ratio NNDN /NSDS can be ex-
plained as follows. In the absence of a boundary resistivity,
RB50, the anisotropy at a certain temperature T* is directly
related to the ratio NNDN /NSDS . However, the anisotropy
increases when one considers a finite RB , so that a smaller
ratio NNDN /NSDS is necessary to fit the anisotropy of the
FIG. 3. The upper parallel and perpendicular magnetic fields
experimental ~Ref. 18! and theoretical curves for the multilayer
Nb(172 Å)/Cu(333 Å).TABLE I. Fitting data for the Hc2(T) curves, compared to the ones used by Kooperdraad.
The system Tc @K# DS @cm2/s# DN @cm2/s# RB @mV cm# Tc
K @K# DS
K @cm2/s# DN
K @cm2/s#
Nb(171 Å) /Cu(376 Å) 9.20 2.4 78 3.17 9.89 0.65 138
Nb(172 Å)/Cu(333 Å) 9.20 1.23 69 2.07 9.88 0.64 180
Nb(168 Å)/Cu(147 Å) 9.50 1.45 73 2.38 9.61 0.58 231
V(240 Å)/Ag(480 Å) 5.47 1.1 54 3.52 5.70 0.67 73.46-3
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choice of the diffusion constants is such that the convex be-
havior of the Hc2,i(T) curve of Koperdraad and co-workers
is turned into a concave one, characteristic for a 2D system.
Furthermore, in our solution the nucleation of the supercon-
ductivity takes place in the S layer, as one expects for physi-
cal reasons. Clearly, good agreement between theory and
measurements is obtained.
In the same way we fitted the data for two other Nb/Cu
multilayers, as well as for a V/Ag system. The results are
shown in Fig. 3 for Nb(172 Å)/Cu(333 Å), in Fig. 4 for
Nb(168 Å)/Cu(147 Å), and in Fig. 5 for V(240 Å)/
Ag(480 Å) multilayer. The experimental data are taken from
FIG. 4. The upper parallel and perpendicular magnetic fields
experimental ~Ref. 18! and theoretical curves for the multilayer
Nb(168 Å)/Cu(147 Å).22452the literature.18,19
In conclusion, by focusing on a fit at the dimensional
crossover temperature and allowing for a finite boundary re-
sistivity, the theory describes the experimental data nicely.
By that the merit of the scaling parameter introduced by
Koperdraad and co-workers is reduced considerably, the
more so as up to now this parameter was not assigned any
physical interpretation. A finite boundary resistivity, on the
other hand, is in accordance with experimental evidence.10
ACKNOWLEDGMENTS
One of the authors ~C.C.! would like to thank Dr. J. Aarts
for useful discussions.
FIG. 5. The upper parallel and perpendicular magnetic fields
experimental ~Ref. 19! and theoretical curves for the multilayer
V(240 Å)/Ag(480 Å).1 S. Takahashi and M. Tachiki, Phys. Rev. B 33, 4620 ~1986!; 34,
3162 ~1986!.
2 A. Lodder and R.T.W. Koperdraad, Physica C 212, 81 ~1993!.
3 R.T.W. Koperdraad and A. Lodder, Phys. Rev. B 51, 9026
~1995!.
4 R.T.W. Koperdraad, H.T. Wu, and A. Lodder, J. Phys.: Condens.
Matter 8, 8787 ~1996!.
5 R.T.W. Koperdraad and A. Lodder, Phys. Rev. B 54, 515 ~1996!.
6 A. Lodder and R.T.W. Koperdraad, Physica C 212, 81 ~1993!.
7 R.T.W. Koperdraad and A. Lodder, Physica C 268, 216 ~1996!.
8 J. Aarts, Phys. Rev. B 56, 8432 ~1997!.
9 C. Ciuhu and A. Lodder, cond-mat/0010445, Supperlattices Mi-
crostruct. ~to be published!.
10 I.K. Schuller, Phys. Rev. Lett. 44, 1597 ~1980!.11 L.P. Gor’kov, Sov. Phys. JETP 10, 998 ~1960!.
12 K.D. Usadel, Phys. Rev. Lett. 25, 507 ~1970!.
13 P.G. de Gennes, Rev. Mod. Phys. 36, 225 ~1964!.
14 M.Y. Kupriyanov and V.F. Lukichev, Sov. Phys. JETP 67, 1163
~1988!.
15 A.A. Golubov and M.Y. Kupriyanov, Sov. Phys. JETP 69, 805
~1989!.
16 M.G. Khushainov, JETP Lett. 53, 579 ~1991!.
17 K.R. Biagi, V.G. Kogan, and J.R. Clem, Phys. Rev. B 32, 7165
~1985!.
18 C.S.L. Chun, G-G. Zheng, J.L. Vincent, and I.K. Schuller, Phys.
Rev. B 29, 4915 ~1984!.
19 K. Kanoda, H. Mazaki, N. Hosoito, and T. Shinjo, Phys. Rev. B
35, 6736 ~1987!.6-4
